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$K[x_{1}, \ldots,x_{n}]$ $[x_{1}, \ldots,x_{n}]$ $X$
$R$ $R$ $f1,$
$\ldots,$
$ft$ $Id_{R}(f1, \ldots, ft)$ $R$
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$I$ $\sqrt{I}$ $I$ $R$ $f$ $(I : f)$
$I$ Ass(I) $\mathrm{A}\mathrm{s}\mathrm{s}:\epsilon o(I)$
$\sqrt{I}=\bigcap_{P\in A\epsilon\epsilon:\cdot \mathrm{o}(t)}P$ Ass($\sqrt$I) $\mathrm{A}\mathrm{s}\mathrm{s}:\epsilon o(I)[]^{-}\llcorner$ $I$
$\mathrm{A}\mathrm{s}\mathrm{s}_{i\epsilon \mathit{0}}(I)$
$K$ $L$ $L$ $Z$ $L[Z]$ $J$
$J$ $L$ $\tilde{L}$ $J$




Kalkbrener [8] $R$ $R$ $R$
$P$ $Q(R/P)$
$R[x]$
([7, 12, 3] )
0
$\mathrm{Y}\subset X$ $L=K(\mathrm{Y})$ $L$
$I\cap L[Z\cup\{z\}]$ $I\cap L[Z]$





$\mathrm{Y}$ $X$. $Z=X\backslash \mathrm{Y}_{\text{ }}L=K(\mathrm{Y})$
$Z=\{x_{1}, \ldots,x_{\iota}\}_{\text{ }}\mathrm{Y}=\{x,+1, \ldots,x_{n}\}$
$t$
2.1 $L[Z]$ $J$ $J$
0) $J$ 0
52
(B) $J$ $P$ $L[Z]/P$ $L$
[5]
2.2 $L$ $f(x)$ $f(x)$
$L$ $\tilde{L}$ $f(x)$ $h(x)$
f $(x)=h(x^{p^{*}})$ $e$ $h(x)$ $f(x)$ $\mathrm{s}\mathrm{c}(f)$
23 $J$ $L[Z]$ 0 $L[Z]$ $f(Z)$ $f(Z)$ $J$
$mf$ $L$ h( $J$
$Z$ $x$ $x$ $J$ $m_{x}$ $J\cap L[x]$
2.4 $J$ $L[Z]$ 0 $Z$ $x$ $J$
$J$
: $Z$ $x$ $\mathrm{g}\mathrm{c}\mathrm{d}(m_{x}, dm_{x}/dx)=1$ Seidenberg
92[11](Lemma 813[2] ) $J$
$Ass(J)$ $P\in Ass(J)$ $L’=L[Z]/P$ $L$




$\alpha$ : $L$ $L(\alpha_{1}, \ldots, \alpha_{\epsilon})$ $L$ $\mathrm{I}$
2.5 $J$ $L[Z]$ $L[Z]$ $g(Z)$ $J$
$J$ $P$ $g(Z)$ $L[Z]/P$
$K$ 26
1 $g(Z)$ $\sum_{x:\in Z}a:x:,$ $a_{i}\in K$ (
26 Proposition 869 [2] $\mathrm{c}\mathrm{o}$-maximality )
$m_{g}$ $K$ $t$
$\mathrm{Y}$
26 $J$ $L[Z]$ $g(Z)$ $J$
$g(Z)$ $J$ $m_{g}$ $\deg(m_{g})=\dim_{L}(L[Z]/J)$
$m_{g}=m_{1}\cdots m_{r}$ $m_{g}$ $L$ $m$:






Seidenberg [11] $[9, 5]$
27 $GF(p)(u,v)[x,y]$ , $Id(x^{p}-\mathrm{u},y^{\mathrm{p}}-v)$
$GF(p)(z)[x, y]$ $Id(x^{p}-z, y^{p}-z)$ $Id(x^{p}-z, x-y)$
2.3
2.8 $J$ $L[Z]$ 0 $L[Z]$ $J’$ $J’$
$J$ $\mathrm{s}\mathrm{c}(J)$
(1) $J’$ $L[Z]$
(2) $J$ $(Vi(J))$ $J’$ $(V_{\tilde{L}}(J’))$ $J$ $\alpha=(\alpha_{1}, \ldots, \alpha_{\epsilon})$




29 $L[Z]$ 0 $J$ $\mathrm{s}\mathrm{c}(J)$ $J$
$P$ $\mathrm{s}\mathrm{c}(J)$ $Q$ $e_{1},,$ $\ldots,$ $e_{\epsilon}$,
$P$
$(\alpha_{1}, \ldots, \alpha_{\epsilon})$ $Q$ $(\alpha_{1}^{p}., \ldots,\alpha_{l}^{p}1\cdot\cdot)$
: $J$ $P$ $\alpha^{(0)}=(\alpha_{1}^{(0)}, \ldots,\alpha_{l}^{(0)})$





$m_{x:}$ $e_{1},\cdot$ $(m_{x:},$ $e_{i}$
$\alpha^{(0)}$ ) $|$. $=1,$ $\ldots,s$ $\beta_{i}^{(0)}=(\alpha_{1}^{(0)}.)^{p^{*_{j}}}$
$L(\beta_{1}^{(0)}, \ldots,\beta_{\epsilon}^{\{0\}})\mathrm{F}\mathrm{h}L$ $\beta_{1}^{(0)}$. $L$
$Wp$
$W_{P}=\{(\beta_{1}, \ldots, \beta_{\epsilon})|P$ $\alpha=(\alpha_{1}, \ldots,\alpha_{\epsilon})$ $|$
.
$=1,$ $\ldots,$ $s$ $\beta:=\alpha^{p^{\epsilon}}.\cdot$
:
}
$P$ $L[Z]$ $V_{\tilde{L}}(P)$ $\alpha^{(0)}$
$Wp$ $\beta^{(0)}=(\beta_{1}^{(0)}, \ldots, \beta_{\epsilon}^{(0)})$ $(\tilde{L})$. L
$Q_{P}=I_{L[Z]}(W_{P})=$ {$f(Z)\in L[Z]|f(\beta)=0$ for every $\beta\in W_{P}$ }
$Qp$ $L[Z]$ $L[Z]/P$ $L[Z]/Q_{P}$
( $\cdots((L(\alpha_{1}^{(0)})(\alpha_{2}^{(0)})\cdots)(\alpha_{l}^{(0)})$ ( $\cdots((L(\beta_{1}^{(0)})(\beta_{2}^{(0)})\cdots)(\beta_{l}^{(0)})$ $L(\beta_{1}^{(0)}, \ldots,\beta_{\epsilon}^{(0)})\underline{\simeq}$
$L[Z]/Q_{P}$ $J’=\mathrm{n}_{P\in \mathrm{A}\epsilon\epsilon(J)}Qp$ 28 .









$J=<x^{p}-z,$$f-z>$ $rightarrow$ $\mathrm{s}\mathrm{c}(J)=<x-z,$ $y-z>$
$V(J)\ni(f_{Z}, rz)$ $rightarrow$ $(z, z)\in V(\mathrm{s}\mathrm{c}(J))$
$P=<x^{p}-z,$ $x-y>$ $rightarrow$ $\mathrm{s}\mathrm{c}(J)=Q=<x-z,$ $y-z>$
$\mathrm{s}\mathrm{c}(J)$ $\mathrm{s}\mathrm{c}(J)$
$J$
24 $\mathrm{s}\mathrm{c}(J)$ $Q$ $P$
$J$ $\mathrm{s}\mathrm{c}(J)$ special tyPe
$J_{j}$ $\sqrt{J}=\bigcap_{j=1}^{r}\sqrt{J_{j}}$ ( $J_{j}$ ’ $J$ )
4 $\mathrm{s}\mathrm{c}(Jj)$
$J_{j}$ $H$ $H$ $L[Z]$ 0
special tyPe $Z$ $xi$ $x$ : $H$
$m_{x}$ : $L$ $m_{x:}$
$\mathrm{s}\mathrm{c}(m_{x})$: $m_{x}$:(t)=sc(mx:)oqi)
qi=pe: Flvbenius map




$H$ $P$ $\mathrm{s}\mathrm{c}(H)$ $Q$ 1 1
$Q=\mathrm{s}\mathrm{c}(P)=\phi_{E}^{-1}(P)$
: $H’=\phi_{E}^{-1}(H)$ $\mathrm{s}\mathrm{c}(m_{x:})(x^{\underline{q}j})=m_{x}$ : $H$ $Z$ $X$:
$\mathrm{s}\mathrm{c}(m_{x}:)(Xj)$ $H$’ $Z$ $X$: $\mathrm{s}\mathrm{c}(m_{x}:)$
$H’$
$V_{\overline{L}}(H)$ $V_{\tilde{L}}(\phi_{E}^{-1}(H))=V_{\tilde{L}}(H’)$ 1 1 $H$ $\alpha=$
$(\alpha_{1}, \ldots, \alpha_{s})$ $\beta=(\alpha_{1}^{q_{1}}$ , .. . , $\alpha_{l}^{q}\cdot)$ $H’$ $H’$ $\beta=(\beta_{1}, \ldots,\beta_{\epsilon})$
$\alpha=(\mathrm{q}W_{1}, \ldots, \triangleleft\sqrt F_{\epsilon}^{-})$ $H$ 28 , $H’=\mathrm{s}\mathrm{c}(H)$
Ass(H) Ass(sc(H)) 1 1 I
$\mathrm{s}\mathrm{c}(H)$ ,
213 $Q$ $\mathrm{s}\mathrm{c}(H)$ $P$ $H$ $P_{0}=Id(\phi_{E}(Q))$
$\sqrt$P0=P $P_{0}$ $P[]^{-}\llcorner$
55
: $P_{0}$ $\alpha=(\alpha_{1}, \ldots,\alpha_{\epsilon})$ $P_{0}=Id(\phi_{E}(Q))$ $(\alpha_{1^{1}}^{q}, \ldots, \alpha_{\epsilon}^{q}\cdot)$ $Q$
$\alpha$ $Q$ $P$





Ekobenius Map : filvbenius map $\phi_{E}^{-1}(H)$ $fi$}$v\ nius$ map $Id(\phi_{E}(Q))$
(Chapter 2[1] )
$F[] vbenius$ map $x:>>yj$ $Id(H\cup\{x_{i}^{p}.:-y:|1\leq i\leq s\})$
$L[x_{1}, \ldots,x_{\epsilon},y_{1}, \ldots,y_{\epsilon}]$ Gr\"obner $G_{0}$ ( $xj$
$\text{ }$
) $G\mathit{0}\cap L[y_{1}, \ldots,/|_{l}]$ $\phi_{E}^{-1}(H)$ Gr\"obner (Proposition 25[9] )
hlbeniv map $x_{i}>>yj$ $Id(Q\cup\{y_{i}^{\mathrm{p}^{e}}:-xj|1\leq i\leq s\})$
$L[x_{1}, \ldots,x_{\epsilon},y_{1}, \ldots,y_{\epsilon}]$ Gr\"obner $G_{1}$ ( $x$:
) $G_{1}\cap L[y_{1}, \ldots,y_{\epsilon}]$ $Id(\phi_{E}(Q))$ Gr\"obner $\phi_{E}$
: $J\neq\sqrt{J}$ Frobenius map $P$
$\sqrt{P}$
$I$ $(\sqrt{P})^{e}=\sqrt{P}\cap K[X]$ $I$ $(\sqrt{P})^{c}$
$(\sqrt{P})^{c}=\Gamma P^{\overline{\epsilon}}=\sqrt{P\cap KX}$ $P^{e}$ $P$ contmction
$K$ $GF(q)$ $f\mathit{9}J$ $\sqrt{P^{c}}$
Frobenius map ?




$I$ independent sets m $dcdo$ $I$ ( Chapter 8[2]
) $\mathrm{G}_{\dot{\mathrm{X})}}^{\cdot}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$ , mnximal stmngly independent set $\mathrm{Y}$ modulo $\sqrt{I}$
$I$ $K(\mathrm{Y})[Z]$ extension ided $J$ $Z=X\backslash \mathrm{Y}$
$J$ $P$ $P\cap K[X]$ contmction
$\sqrt{J}=\bigcap_{i=1}^{r}\sqrt{Q_{1}}.,$ $\sqrt{I}=\mathrm{n}_{=1}^{r}.\cdot(\sqrt{Q_{1}}.\cap K[X])\cap\sqrt{I’}$ ,
$I’=Id_{K[X]}(I, f)$ $f$ $J$ $I’$ $I$
$I’$ $I$ $I$
$[3, 12]$
$\sqrt{Id(I,fg)}=\sqrt{Id(I,f)}\cap\sqrt{Id(I,g)}\text{ \sqrt{I}=\sqrt{(IR\int\cap R)}\cap\sqrt{Id(If|)}$ .
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$L[Z]$ 0 $J$ $\mathrm{Y}\subset X,$ $L=K(\mathrm{Y})_{\text{ }}Z=X\backslash \mathrm{Y}$
$x_{i}\in Z$ $J$ $am_{e:}(t)$
$t$ $\mathrm{Y}$ $K$ $K$
$m_{x:}(t)= \prod_{j}m_{*,j}.(t)^{e}:.\mathrm{j}$
$m:,j$ $K$ $K[1’]$ Gauss $m:,j$ $L$
$m_{i,j}$
$J$ $J_{k}$ special type
$\sqrt{J}=$ 1 $\sqrt{J_{\mathrm{k}}}$ ,
$i$ $F_{1}$. $m_{xj}$ $K$ $n:=\# F_{1}$.
$Id_{L[Z]}$ ( $J_{1}g_{1},$ $\ldots$ ,g,) $g$: $F_{i}$ $n_{1}\cdots n_{\epsilon}$
$(g_{1}, \ldots,g_{\mathit{8}})$ $L[Z]$
$g$:
1. Set $J’=\{J\}$ .
2. For $i=1$ to $s$ , do the following.
21. Set $\mathrm{f}6=J$ and $J=\emptyset$ .
21. For each $H$ in J6, do the following.
211. Take one factor $h$ from $\mathcal{F}-$ .
212. Compute the Gr\"obner basis of $Id_{L[Z]}(H, h)$ .
213. If IdL[ $(H, h)\neq L[Z]$ , then $J=J\cup\{Id_{L[Z]}(H, h)\}$ .
214. Go to Step 2.1.1.
3. Return $J$ .
33
$J$ $J$ $J$ $H$ $\mathrm{s}\mathrm{c}(H)$ Frobenius map
$\mathrm{s}\mathrm{c}(H)$ $H$ ( 2.4 ). $\mathrm{s}\mathrm{c}(H)$
$\mathrm{s}\mathrm{c}(H)$ $L[Z]$
26 $g$ $m_{g}$ $\deg(m_{g})=$
$\dim_{L}(L[Z]/\mathrm{s}\mathrm{c}(H))$
1 $g(Z)$
31(Theorem 42[13]) $T=s\mathrm{x}\ell \mathrm{x}\dim_{L}(L[Z]/\mathrm{s}\mathrm{c}(H))$ $s=\# Z$ $\ell=$







$J_{1}=K_{1}\otimes J$ of $K_{1}(\mathrm{Y})[Z]$ $\ovalbox{\tt\small REJECT}$
$\mathcal{P}’$ contraction $(J_{1})^{\mathrm{c}}$ $\mathcal{P}_{K_{1}}$
Galois $\mathcal{G}=Gal()is(K_{1}/K)$ $P_{K_{1}}$ $\mathcal{G}$-orbit
$P_{K_{1}},,$${}_{1}P_{K_{1}},,$
$\ldots,$${}_{2}P_{K_{1},r}$
$\mathcal{G}$-orbit n $W=V_{\tilde{K}}(P_{K_{1},1})\cup\cdots\cup V_{\tilde{K}}(P_{K_{1},r})$ $\mathcal{P}_{K_{1}}\mathit{0}$)
$\mathcal{G}$ minimd inva ant ( $\tilde{K}=\tilde{K}_{1}$ )
$J^{c}$ $P$ $V_{\tilde{K}}(P)=W$
$\mathcal{P}_{K_{1}}$ $P_{K_{1}}$ $K_{1}$ $K$ $K_{1}$
$K[T]/P_{0}$ $T$ $P_{0}$ $K[T]$
$P_{K_{1}}$ Gr\"obner $G_{K_{1}}$ $K[T,X]$ $P’=Id_{K[T,X]}(P_{0}, G_{K_{1}})$ $P_{K_{1}}$
$P’\cap K[X]$ $K_{1}[X]$ $P_{K_{1}}$ $\mathcal{G}$- $P’\cap K[X]$
$P’\cap K[X]$ $J^{c}$ $P_{K_{1}}$ $T>>X$
Gr\"obner




1. Compute the dimension of $I$ and amaximal strongly independent set }’.
Let $Z=X\backslash \mathrm{Y}$ and $L=K(\mathrm{Y})$ .
2. Compute the extension $J=I^{e}=IL[Z]$ of $I$ .
(We compute aGr\"obner basis $G^{e}$ with respect to some efficient ordering, and
compute apolynomial $f$ from all leading coefficients of elements of $G^{e}$ . Then,
$I=I^{e\mathrm{c}}\cap(I:f^{\infty})$ , where $I^{ee}=J\cap K[X].)$
3. Compute prime divisors of $J$. (Sometimes, we compute primary ideals
associated with prime divisors of $J.$ )
3.1. Compute the minimal polynomial $m_{x:}$ of $x$:w.r.t. $J$ for each $x$:in $Z$ .
32. Factorize each $m_{\mathrm{g}:}$ as apolynomial over $K$ .
3.3. Compute the intermecfiate decomposition $J$ by INCREMENTAL SEARCH.
3.4. $\mathrm{F}\dot{\mathrm{o}}\mathrm{r}$ each $J\in J,$ comPute $\mathrm{s}\mathrm{c}(J_{})$ by inverse Probenius map computation.
3.5. Compute the prime decomposition of $\mathrm{s}\mathrm{c}(J_{i})$ by decomposition using
generic Position, similarly as in the characteristic 0case.
3.6. Compute the prime divisors or its associated primary ideals of $J$ from the
prime divisors of $\mathrm{s}\mathrm{c}(J_{1}.)$ by $fi$}$vknius$ map computation.
4. Compute the prime divisors of $I^{\mathrm{e}\mathrm{c}}$ from prime divisors or associated primary
ideals of J.$\cdot$ ’s by contraction and by mdicd ideal computation over $K$ using
Matsumoto’s dgorithm $f\mathit{9}J$.
5. Unless $(I:f^{\infty})=K[X]$ , go back to Step 1, where we apply $(I:f^{\infty})$ instead of $I$ .
3.2 $(I:f^{\infty})$ ($I$ : $S.l$
58
4Gr\"obner
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